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Abstract
The γi-deformed N = 4 super-Yang-Mills theory is a non-supersymmetric
deformation of the maximally-supersymmetric gauge theory in four dimensions
which is conformally-invariant at the planar level. At the non-planar level non-
trivial renormalization of marginal double-trace operators appears to break
conformal invariance. We study the one loop renormalization of the theory and
the resulting flow of Yukawa and scalar coupling at the order O( λ
N2
), and find
γi parameters receive nontrivial quantum corrections. We show that, at low
energies, the γi parameters flow to a common value and γi-deformed theory
reaches an N = 1-supersymmetric fixed point described by the β-deformed
N = 4 super Yang-Mills theory.
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1 Introduction
Shortly after the discovery of the correspondence between string theory on AdS5×S5
and N = 4 super-Yang-Mills (sYM) theory [1, 2, 3] it was realized that it can be
used to identify four-dimensional gauge theories with reduced or no supersymmetry
which are conformally invariant in the planar limit. To this end the geometric S5
factor is replaced with a less symmetric space M5 while adjusting the other fields such
that AdS5×M5 is a solution of the supergravity equations of motion. For example,
by choosing M5 =S5/Γ with Γ ⊂ SU(n) ⊂ SU(4) in a regular representation it
follows that [4, 5] N = 4 − n should be conformally invariant in the planar limit.
Evidence for this was provided in [6, 7] to all orders in planar perturbation theory.
Another example is the Lunin-Maldacena background [8] and its non-supersymmetric
generalization [9] which describe, respectively, the β-deformed N = 4 sYM theory
[10] and a three-parameter generalization known as the γi-deformation.
While different in details, the γi-deformation and the regular non-supersymmetric
orbifolds of N = 4 sYM theory share most if not all of their planar properties.
For example, their planar scattering amplitudes are inherited up to trivial overall
phase or numerical factors from the parent theory; moreover, their planar dilatation
operators define integrable Hamiltonians [11, 12]. Strong coupling integrability of the
former was discussed in detail in [9] while that of the latter follows straightforwardly
from [13].
Explicit calculations for particular [14, 15] and general [16] non-supersymmetric
orbifolds of N = 4 sYM theory showed that dimension-four double-trace operators
acquire a nonzero β-function in all such theories thus breaking conformal invariance.
It was also shown in [17, 18] that a similar phenomenon occurs in the γi-deformed
N = 4 sYM theory. In both the one-loop beta function has no zeroes; together
with the vanishing beta function for the gauge coupling at O(1/N) this renders the
theory unstable. An interpretation of this instability for the γi-deformed theory was
suggested in [18]; for orbifolds this was discussed in [19] where it was suggested that
the theory flows to a fixed point described by an N = 4 sYM theory with a gauge
group of reduced rank. Strong coupling evidence in this direction was given in [20].
Since it depends on more parameters, the flow of the γi-deformed N = 4 sYM
theory can in principle be different from that of the orbifold theories. In this paper
we shall explore this flow. By analyzing the non-planar one-loop four-point scat-
tering amplitudes with various external states we will show that in the absence of
supersymmetry the deformation parameters γi are renormalized nontrivially. If the
ensuing flow starts with γi differing by O( 1N2 ), the theory has a fixed point described
by the N = 1 β-deformed N = 4 sYM theory with β parameter being the average
2
of the initial three γi parameters. The logarithmic running of double-trace operators
found in [16, 18] is also suppressed by the flow of γi parameters.
We begin in section 2 with a brief introduction of γi-deformed sYM theory. In
section 3 we describe a method to extract beta functions directly from on-shell scat-
tering amplitudes. Using this method in sections 4 and 5 we discuss the flow of
Yukawa and scalar couplings, respectively. We close in section 6 with a summary of
our results and further remarks.
2 The γi-deformed super-Yang-Mills theory
As discussed in [8], the β-deformed N = 4 sYM theory can be interpreted as a
non-commutative deformation of the maximally-supersymmetric YM theory in the
R-symmetry directions; the corresponding star-product of two fields Φ1 and Φ2 is
given by
Φ1 ∗ Φ2 = eiβ(Q1(Φ1)Q2(Φ2)+Q2(Φ1)Q3(Φ2)+Q3(Φ1)Q1(Φ2))Φ1Φ2 . (1)
Here Φ stands for any of the fields of N = 4 theory and Qi(Φ) are the charges of the
field Φ under the three Cartan generators of the SU(4) R-symmetry group:
A ψ1 ψ2 ψ3 ψ4 φ14 φ24 φ34
Q1 0 1
2
−1
2
−1
2
1
2
1 0 0
Q2 0 −1
2
1
2
−1
2
1
2
0 1 0
Q3 0 −1
2
−1
2
1
2
1
2
0 0 1
(2)
The construction of its string theory dual [8] suggested that a natural generalization
[9] is to introduce three deformation parameters – (γ1, γ2, γ3), one for each pair of
charges – while keeping the interpretation as a non-commutative deformation. The
corresponding star-product is then
Φ1 ∗ Φ2 = eiθ(Φ1,Φ2)Φ1Φ2 [Φ1,Φ2]θ = eiθ(Φ1Φ2)Φ1Φ2 − e−iθ(Φ1Φ2)Φ2Φ1 (3)
θ(Φ1Φ2) = ǫlmnQ
l(Φ1)Q
m(Φ2)γ
n . (4)
R-charge conservation implies that the phase deforming the product of n fields,
Φ1, . . . ,Φn, is
θ(Φ1Φ2 · · ·Φn) =
∑
i<j
θ(ΦiΦj) . (5)
For later convenience we also define the deformed color trace,
Trθ(Φ1Φ2 · · ·Φn) ≡ eiθ(Φ1Φ2···Φn)Tr(Φ1Φ2 · · ·Φn) . (6)
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The single-trace part of the Lagrangian can be obtained by replacing commutators
in N = 4 sYM theory by deformed commutators (3):
Lplanarγ = Tr
(
− 1
4
FµνF
µν − 1
4
Dµφ¯ABD
µφAB +
g2
16
[φ¯AB, φ¯CD]θ[φ
AB, φCD]θ
+ iψ¯Aσ¯
µDµψ
A +
ig√
2
(
ψ¯A
[
φAB, ψ¯B
]
θ
+ ψA
[
φ¯AB, ψ
B
]
θ
))
.
(7)
This is however not the complete Lagrangian and additional double-trace terms must
be supplied separately. To see that this is the case it suffices to inspect the super-
symmetric limit, γ1 = γ2 = γ3 = β [10]. In this case the Lagrangian is
Lβ = Tr
(
−1
4
FµνF
µν −Dµφ¯iDµφi + iψ¯iσ¯µDµψi + iψ¯4σ¯µDµψ4 − g
2
2
[φi, φ¯i]
2
− ih√
2
(
ǫijkψ¯i
[
φ¯j, ψ¯k
]
θ
+ ǫijkψ
i[φj, ψk]θ
)
+
√
2ig
(
ψ¯i
[
φi, ψ¯4
]
+ ψi
[
φ¯i, ψ
4
]))
+ h2Tr
(
[φi, φj]θT
a
)
Tr
(
[φ¯i, φ¯j]θT
a
)
,
(8)
The double-trace terms arise from the integration over the U(1) part of the Fi-
auxiliary fields which does not decouple in the presence of a non-trivial star product;
the renormalization of the Lagrangian (7) implies that similar terms must be added
there as well [17, 18]. The β-deformed sYM theory is a conformal field theory even
at non-planar level if the parameters h and β and the gauge coupling g are not
independent [10]. Through two-loop level this relation is [21]
g2
h2
= 1− 4 sin
2 β
N2
. (9)
A relation with similar consequences does not seem to exist for the non-supersymmetric
γ-deformed theory. We will argue in later sections that the theory nevertheless flows
to a non-trivial infrared fixed point.
3 From Divergence of Amplitudes to Beta Function
The textbook approach to β-function calculations makes use of the renormaliza-
tion factors Z. For example, in pure Yang-Mills theory, one computes gauge field
and coupling renormalization factors ZA and Zg and extracts the β-function for the
gauge coupling form the combination Z−3A Z
2
gµ
ǫ relating the bare and renormalized
4
couplings.1 On-shell methods can be used to find on-shell counterterm matrix el-
ements which may then be reinterpreted in terms of Lagrangian counterterms and
renormalization factors and thus may be used to extract beta functions. In this sec-
tion we describe an alternative way which allows us to extract β-functions directly
from on-shell amplitudes.
Let us start with a Lagrangian L = L(Φa, gi) with general fields content Φa and
coupling constants gi. The bare and renormalized Lagrangian are
LZ = L(Φ
0
i , g
0
i ) = L(Z
1
2
a Φa, Z˜igiµ˜
−diǫ), (10)
where diǫ is the dimension of the coupling gi in 4 − ǫ space-time dimension, Z˜i is a
combination of Zi’s and Za’s which can be read from comparing two expressions for
LZ in (10). For example, for gauge coupling in Yang-Mills theory, Z˜g = Z
− 3
2
A Zg.
A one-loop n-point amplitude A1−loop(12 · · ·n) has two components: the first is
the one-loop amplitude computed with respect to the original Lagrangian and the
second is the contribution of counterterms,
A1−loop = A1−loop(gi) +Act . (11)
The counterterm contribution can be written as the difference between the tree-level
amplitudes of the Lagrangian LZ and the tree amplitudes of the Lagrangian with
Zi = 1. Since the purpose of the one-loop counterterms is to cancel the divergences
of the one-loop amplitudes we can express Act in (11) as
Act = Atree(Z˜igi)−Atree(gi) = −1
ǫ
Div(g) , (12)
where the right-hand side stands for the negative of the divergence of the corre-
sponding one-loop amplitude which may depend on all the couplings of the theory
generically denoted by argument gˆ.
At one loop, only graphs with a single counterterm insertion (or a single nontrivial
term in Z factors) are relevant; parametrizing the Zi factors as
2
Z˜i = 1 +
1
ǫ
Di(gˆ) , (13)
1It is, of course, technically easier to use the ghost vertex and the ghost wave function renor-
malization factors to avoid the evaluation of the one-loop correction to the three-gluon vertex.
2As in the case of Divi(gˆ), the argument of Di emphasizes the fact that Di can depend on all
the couplings of the theory.
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we can therefore expand eq. (12) to linear order in Di(gˆ):∑
i
∂Atreeα (gi)
∂gi
giDi(gˆ) +Divα(gˆ) = 0 , (14)
where the sum runs over all the parameters of the theory that receive nontrivial
infinite renormalization and the index α runs over the set of all amplitudes of the
theory.
Thus, by examining sufficiently many amplitudes Aα and determining their di-
vergent parts it should be possible to find the renormalization factors by solving the
linear system made from the equations above.
The β-function of the coupling gi is related to Di(gˆ) in the usual way following
from the relation between the bare and the renormalized couplings g0i = Z˜iµ˜
−diǫgi:
1
ǫ
dDi(gˆ)
d lnµ
= diǫ− 1
gi
dgi
d lnµ
= − 1
gi
β(gi) ⇒ β(gi) = −gi
ǫ
dDi(gˆ)
d lnµ
, (15)
Di(gˆ) is a polynomial of coupling constants,
Di(gˆ) =
∑
A
cA
∏
j
g
nAij
j ,
dDi(gˆ)
d lnµ
= ǫ
∑
A
cA
∑
k
nAikdk
∏
j
g
nAij
j + · · · , (16)
To simplify (16), we need to find the classical scaling dimension3 of Di(gˆ). Start
with the all loop scattering amplitude4,
A(giµ˜−diǫ) = Atree(giµ˜−diǫ) +A1−loop(giµ˜−diǫ) + · · · . (17)
A one loop amplitude contains two components with non-zero classical scaling di-
mensions which the tree amplitude does not have. One is Di(gjµ˜−djǫ), the other is a
loop integral which scales as
∫
d4−ǫl
(l2)2
∼ µ−ǫ. The classical scaling dimensions of these
two components must cancel each other, since tree amplitude and loop amplitude
have the same classical scaling dimensions:
Di(gjµ˜−djǫ) = Di(gj)µ˜ǫ ⇒
∑
j
nAijdj = −1 , (18)
Combining (15), (16) and (18), we find a simple relation between the beta function
and the divergence,
β(gi) = giDi. (19)
3The scale dependence of Di(gˆ) is introduced by that of gj. The scale dependence of gi is
dgi
d lnµ
= ǫdigi + β(g), and the first term gives the classical scaling dimension of gi.
4In order to find classical scaling dimensions, Z factors are not needed in (17).
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Using this relation, we can rewrite (14) as5,
d
d lnµ
Atreeα (gi) = −Divα(gi). (20)
Eq. (20) provides a direct relation between one-loop divergence of an amplitude
and and β-functions of coupling constants. If there are in all Ng independent cou-
pling constants, in order to solve all β(gi)’s from (20), one need to find at least Ng
independent equations. In practice, a proper choice of equations will greatly simplify
the calculation. For example, in γi-deformed SYM practically all Atreeα ’s will depend
on g, the gauge coupling. But the four-gluon amplitude does not depend on any
other coupling constants, so one can solve β(g) solely from four-gluon amplitude.
For γi-deformed sYM theory the one-loop four-gluon amplitude is finite, so the
β-function of the gauge coupling vanishes. This is consistent with the general formula
β(g) =
Ng3
2
(
−11
3
+
2nf
3
+
ns
6
)
, (21)
where nf is the number of adjoint chiral fermions, and ns is the number of adjoint
real scalars.
4 The Flow of Yukawa Coupling
In β-deformed sYM theory, the phase functions of Yukawa and scalar couplings are
protected by the non-renormalization of superpotential. Without the protection of
supersymmetry, the phase functions of γi-deformed sYM theory can receive both
finite and infinite renormalization at the non-planar level. We will infer the conse-
quences of the infinite renormalization using the strategy discussed in the previous
section.
The β-deformed theory enjoys a Z3 symmetry which permutes the three chiral
superfields and implies for the component action that all Yukawa couplings are equal.
The different deformation parameters γi of the γi-deformed sYM theory break this
symmetry; thus, in principle, one can contemplate different values and renormal-
ization constants for the Yukawa couplings. We will therefore further deform the
scalar-fermion couplings of (7) to
LγY ukawa =
−i√
2
4∑
A,B=1
hABe
iΘAB Tr
[
φ¯ABψ
AψB + φABψ¯Aψ¯B
]
, (22)
5We dropped O(ǫ) terms in (20).
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where ΘAB ≡ Θ(ψAψB). The reality of LγY ukawa requires that h is symmetric and Θ
is antisymmetric in their indices,
hAB = hBA, ΘAB = −ΘBA . (23)
Since γi-deformed sYM theory is conformal in the planar limit, quantum correc-
tions corrections to hAB and ΘAB can appear only at O(1/N2):
hAB = g + g
kAB
N2
+O(g/N4) ,
ΘAB = θAB +
qAB
N2
+O(1/N4),
(24)
where qAB and kAB are functions of the γ parameters.
Since gauge coupling g is not renormalized at one-loop level the flow of Yukawa
couplings is solely induced by the flow of γi parameters
6. To use the method de-
scribed in the previous section, to derive β-functions for the γi parameters we need
a sufficiently large set of on-shell tree amplitudes containing Yukawa couplings (and,
for simplicity, preferably not involving scalar couplings), and the divergences of
the corresponding one-loop amplitudes7. We choose the four-fermion amplitudes
A(1ψA2ψ¯A3ψB4ψ¯B).
We extract the one-loop divergence of the amplitude A(1ψA2ψ¯A3ψB4ψ¯B) from
the complete amplitude constructed though the generalized unitarity method [22,
23, 24, 25]; to the order O( g4
N2
) it is
Div
(
A(1ψA2ψ¯A3ψB4ψ¯B)
)
=
g4
ǫN
A(1324)
(
iDABI
[
Trθ(1324)− Trθ(1423)
]
+DABR Trθ([1, 3][2, 4])
)
,
(25)
where A(1324) is the color striped four-fermion tree amplitude without coupling
constant. In the β-deformed sYM theory DABI = 0. The structure of the single-trace
divergence in eq. (25) implies that cannot be removed by renormalizing the gauge
of Yukawa couplings and thus a nonvanishing DABI indicates that the parameters γi
must be renormalized.
6If we were working in conventional renormalization procedures, γi’s should be dressed with Z
factors; these factors should become trivial in the supersymmetric limit γ1 = γ2 = γ3 = β.
7The natural choice is three-point amplitude A(1φ¯AB2ψA3ψB) , but for massless particles on
shell condition requires momentum of three external legs to be parallel. One may use complex
momenta in order to have non-zero three-point amplitudes.
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For A = 1, B = 2 the residues of the 1/ǫ poles are given by
D12R =− 12k12 + 8 sin
γ1 + γ2
2
(
2 + cos(γ1 − γ2)
)
,
D12I =− 2
4∑
B=1
q1B + 2
4∑
B=1
q2B + 2
(
sin 2γ1 + sin 2γ2 − 2(sin γ1 + sin γ2) cos γ3
)
,
(26)
while for A = 3, B = 4 they are
D34R =− 12k34 + 8 sin
γ1 − γ2
2
(
2 + cos(γ1 + γ2)
)
,
D34I =− 2
4∑
B=1
q3B + 2
4∑
B=1
q4B + 2
(
− sin 2γ1 + sin 2γ2 + 2(sin γ1 − sin γ2) cos γ3
)
.
(27)
The divergence of A(1ψA2ψ¯A3ψB4ψ¯B) for other choices of R-symmetry indices A
and B can be obtained by cyclically permuting the labels of fields and deformation
parameters 8:
γ1 → γ2, γ2 → γ3, γ3 → γ1,
ψ1 → ψ2, ψ2 → ψ3, ψ3 → ψ1,
φ1 → φ2, φ2 → φ3, φ3 → φ1.
(28)
To find the beta functions of the deformation parameters γi we need the tree-level
amplitudes A(1ψA2ψ¯A3ψB4ψ¯B). Up to O( g4N2 ) terms they are9
Atree(1ψA2ψ¯A3ψB4ψ¯B)
=A(1324)h2AB
(
e2iΘAB Tr(1324) + e−2iΘAB Tr(1423)− Tr(1342)− Tr(1243)
)
+ A(1234)g2
(
Tr(1234)− Tr(1243)− Tr(1342) + Tr(1432)
)
,
(29)
Since γi-deformed SYM is conformal at planar level,
dγm
d lnµ
vanishes at the order O(λ),
dγm
d lnµ
= O( λ
N2
) = O(g
2
N
) . (30)
8The transformation (28) is equivalent to a cyclic permutation of Qi’s in (2). There is another
type of transformations of Qi’s like Q1 → −Q2, Q2 → −Q1, Q3 → Q3, which relates Dij to Di4.
9In (29) double trace terms have been ignored since they are of order O( g4
N2
).
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Together with equations (24) and (30) this implies that
dhAB
d lnµ
=
g
N2
∂kAB
∂γm
dγm
d lnµ
= O( g
3
N3
),
dΘAB
d lnµ
=
dθAB
d lnµ
+
1
N2
∂qAB
∂γm
dγm
d lnµ
=
dθAB
d lnµ
+O( g
2
N3
) .
(31)
Thus, up to O( g4
N2
) terms, the derivative of the four-fermion tree-level amplitude
with respect to lnµ is
d
d lnµ
Atree(1ψA2ψ¯A3ψB4ψ¯B) = 2ig2 dθAB
d lnµ
A(1324)
(
Trθ(1324)− Trθ(1423)
)
. (32)
Finally, combining eqs. (20), (25) and (32) we find that the parameters of the
theory must be such that the following equations hold:
0 = DABR ,
dθAB
d lnµ
= − g
2
2N
DABI .
(33)
In particular, these equations have no solution if qAB are set to 0, which suggests
the finite renormalization qAB of θAB is nontrivial. They however do not uniquely
fix qAB but rather it constrains them to be related to γi as
q12 + q13 + q14 =
1
2
sin(γ1 + γ2)− 1
2
sin(γ1 + γ3) +
1
2
sin(−γ2 + γ3),
q21 + q23 + q24 =
1
2
sin(γ2 + γ3)− 1
2
sin(γ2 + γ1) +
1
2
sin(−γ3 + γ1),
q31 + q32 + q34 =
1
2
sin(γ3 + γ1)− 1
2
sin(γ3 + γ2) +
1
2
sin(−γ1 + γ2) .
(34)
To fix them uniquely it appears necessary to evaluate the O( g4
N3
) terms in the four-
fermion amplitude. We will not do this explicitly here, but instead pick a natural
solution to eq. (34),
qAB = q(θAB) ≡ 1
2
sin 2θAB − 1
2
sin 2θAB|γm→γ¯ , (35)
which has the correct (qAB = 0) N = 1 limit.
The same equations determine the finite renormalization kAB of hAB:
kij =
2
3
sin2
γi + γj
2
(
2 + cos(γi − γj)
)
,
ki4 =
2
3
sin2
−γj + γk
2
(
2 + cos(γj + γk)
)
.
(36)
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In the N = 1 limit this solution reduces to
kij = 2 sin
2 β, ki4 = 0 . (37)
This limit is consistent with the relation (8)
hij =
g√
1− 4 sin2 β
N2
, hi4 = g (38)
between hAB, the gauge coupling and β at the fixed point of the β-deformed sYM
theory.
Last but not least, the second eq. (33) also determined the β-functions of the γi
parameters. They are given by
dγ1
d lnµ
=
2g2
N
sin γ1(cos γ2 + cos γ3 − 2 cos γ1) ,
dγ2
d lnµ
=
2g2
N
sin γ2(cos γ3 + cos γ1 − 2 cos γ2) ,
dγ3
d lnµ
=
2g2
N
sin γ3(cos γ1 + cos γ2 − 2 cos γ3) .
(39)
We note that the eqs. (39) are insensitive to the sign of γi and thus, for the purpose
of studying them10 we can assume that 0 ≤ γm ≤ π. Moreover, the right-hand side of
these equations reflects the broken Z3 symmetry of the theory which may be restored
by permuting γi.
The supersymmetric value of the deformation parameters, γ1 = γ2 = γ3, is a
solution to these equations. Indeed, the right-hand side of (39) becomes trivial in
this limit, reflecting the absence of renormalization of the deformation parameter.
In fact, the supersymmetric point acts as an attractor for flows starting sufficiently
close to it. Indeed, linearizing around it reduces eqs. (39) to
d γ1
d lnµ
=
v
3
( 2γ1 − γ2 − γ3) ,
d γ2
d lnµ
=
v
3
(−γ1 + 2γ2 − γ3) ,
d γ3
d lnµ
=
v
3
(−γ1 − γ2 + 2γ3) ;
(40)
10Since they are derived in a one-loop approximation these equations should be solved perturba-
tively in g2/N .
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Figure 1: The flow of phase with different initial values
the coefficient
v =
6g2 sin2 γ¯
N
, (41)
characterizes the rate of the flow.
This system can be easily solved; defining
δγi = γi − γ¯, δγ ≡
√
δγ21 + δγ
2
2 + δγ
2
3 , (42)
the solution is11
γ¯i(µ) = γ¯i(µ0) , (43)
δγi(µ) = δγi(µ0)
(
µ
µ0
)v
. (44)
Since v > 0, the second equation imply that far in the infrared the departures δγi
of all γi parameter from their average value become equal; thus if the flow of the
deformation parameters starts close to a supersymmetric point then they flow to a
supersymmetric fixed point.
Far away from the N = 1 solution the flow of the deformation parameters can be
analyzed by solving numerically system (39). We show in Figure 1a, phases still flow
to the same value; as in the linearized analysis all γi parameters flow to a common
value which is not necessarily the average γ¯ of their initial values.
It is easy to see that the system (39) implies that if one of the parameters is
vanishing at the renormalization scale then it remains zero along the flow. Solving
11Since δγ1 + δγ2 + δγ3 = 0, (44) only has 2 independent equations.
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the equations numerically reveals that the other parameters will flow to zero in the
infrared; the resulting fixed point will exhibit N = 4 supersymmetry. Figure 1b
shows the case γ3 = 0 and γ1 6= γ2 6= 0 at the renormalization scale; γ1 and γ2 will
flow relatively rapidly to the same value and then together they slowly flow to zero.
A few limiting cases need a separate discussion. The case one or more deforma-
tion parameters equal to π is very similar to the case of one or more deformation
parameters equal to 0. In the end all phases flow to γi = π and the fixed-point theory
is equivalent to N = 4 SYM. If all three γi parameters are equal to 0 or π then they
do not change. If 0 < γ1 < π, γ2 = 0, γ3 = π only the first equation (39) is nontrivial
and can be solved analytically:
γ1(µ) = cot
−1
(
cot γ1(µ0)
(
µ
µ0
)4g2/N)
, (45)
implying that and γ1 will flow to
γ1(0) =
π
2
. (46)
Although, as we have seen, the Yukawa couplings flow to an N = 1 infrared fixed
point almost in the entire parameter space, in the next section we will show that
scalar couplings have a similar property only if δγ ∼ O( 1
N2
), that is only if the flow
begins very close to a supersymmetric point. Thus, O(δγ2) terms can be discarded
in the Lagrangian if we are only keeping O( 1
N2
) terms,
hij = g
(
1 +
2
N2
sin2
γi + γj
2
)
∼ h0(θij),
hi4 = g,
(47)
where h0 as a function of g and phase was defined in eq. (9) and θij ≡ θ(φiφj). The
Lagrangian of Yukawa terms including terms of order O( 1
N2
) is
LγY ukawa = Tr
[
−ih0(θki)√
2
(
ǫijkψ¯i
[
φ¯j, ψ¯k
]
Θ
+ ǫijkψ
i[φj, ψk]Θ
)
+
√
2ig
(
ψ¯i
[
φi, ψ¯4
]
Θ
+ ψi
[
φ¯i, ψ
4
]
Θ
)] (48)
5 The Flow of Scalar Coupling
As discussed in detail in [18], renormalizability of the four-scalar terms in the γi-
deformed theory requires that the action be extended with double-trace terms at
13
order O(λ/N) = O(g2) and further single trace terms at order O(g2/N). Adding all
such terms the four-scalar Lagrangian becomes 12,
Lγ4φ = g
2Tr
(
[φi, φj]Θ[φ¯i, φ¯j]Θ − 1
2
[φi, φ¯i]
2
)
+
2
N2
(
aij1 Trθ(φ
iφjφ¯iφ¯j) + a
ij
2 Trθ(φ
iφjφ¯jφ¯i) + a
ij
3 Trθ(φ
iφ¯iφ
jφ¯j)
)
+
1
N2
(
ai4Tr(φ
iφiφ¯iφ¯i) + a
i
5 Tr(φ
iφ¯iφ
iφ¯i)
)
+
1
N
ai6Tr(φ
iφi) Tr(φ¯iφ¯i)
+
1
N
(
aij7 Tr(φ
iφj) Tr(φ¯iφ¯j) + a
ij
8 Tr(φ
iφ¯j) Tr(φ¯iφ
j)
)
;
(49)
on the first line the phase functions are defined by
Θφij ≡ Θ(φiφj),
Θφij = θ
φ
ij +
qφij
N2
, θφij = ǫijkγk.
(50)
To derive beta functions of these aI factors, we need to compute four-scalar
amplitude at tree and one-loop level. Explicit calculations show that the one-loop
divergences of such amplitudes have the following structure:
Div(A(1φi2φ¯i3φj4φ¯j) = iIij
ǫN
(
Trθ(1324)− Trθ(1423)
)
+
1
ǫN
(
Dij2 (Tr(1342) + Tr(1243) +D
ij
3 (Tr(1234) + Tr(1432))
)
(51)
+
1
ǫN
Dij1
(
Trθ(1324) + Trθ(1423)
)
+Dij7 Tr(13) Tr(24) +D
ij
8 Tr(14) Tr(23) ,
Div(A(1φi2φ¯i3φi4φ¯i) = 1
ǫN2
D4
(
Tr(1324) + Tr(1342) + Tr(1423) + Tr(1243)
)
+
1
ǫN2
Di5
(
Tr(1234) + Tr(1432)
)
+
1
ǫN
Di6Tr(13) Tr(24) . (52)
The discussion in sec. 3 and in particular eq. (20), imply that the β-functions of the
parameters aI and of the deformation qij of the phase function are given by
daI
d lnµ
= −NDI ,
dqφij
d lnµ
= −N
2
Iij .
(53)
12In principle one can also add Tr(φiφ¯i)Tr(φ
j φ¯j) terms to (49) but, at least at one-loop level,
they are not required by renormalizability.
14
Before find the explicit expressions for DI and Iij we note that, since a1− a5 always
appear accompanied by a 1
N2
factor, the divergence requiring the presence of the
double-trace terms cannot depend on single-trace terms. Thus, the renormalization
group (RG) flow equations of double trace operators is a subsystem of (53). We
will solve this subsystem in subsection 5.1, and solve the remaining equations in
subsection 5.2.
5.1 Flow of Double-Trace operators
Apart form the gauge coupling, the divergent double-trace terms in the four-scalar
amplitudes depend only on a6, a7, a8 and the deformation parameters γi; the relevant
coefficients in eqs. (51) and (52) are given by
D16 =
1
2
(a16)
2 + 32g4(sin2 γ2 − sin2 γ3)2 ,
D237 = (a
23
7 )
2 − 8g2 sin2 γ1a237 + 16g4
(
sin2 γ1 − sin2 γ2 − γ3
2
)2
,
D238 = (a
23
8 )
2 − 8g2 sin2 γ1a238 + 16g4
(
sin2 γ1 − sin2 γ2 + γ3
2
)2
.
(54)
We note that, since each equation depends on a single double-trace deformation
parameter, their flows are independent of each other.
The solution for a16 is
a16 = −g2A23 tan
(
g2NA23
2
ln
µ
µ1
)
,
A23 = 8| sin2 γ2 − sin2 γ3|,
T 16 =
g2NA23
2
ln
µ
µ1
,
(55)
where µ1 is the energy scale at which a
1
6 = 0 and T
1
6 is introduced for future notational
convenience. If µ > µ1, a
1
6(µ) < 0, which renders the potential unbounded from below
and thus destabilizes the theory; to avoid such situations we need to require that
µ0 ≤ µ1. Since D16 is always positive, if the γi parameters were fixed then a16 would
inevitably flow to positive infinity in the infrared. Fortunately however, as discussed
in the previous section, the γi parameters vary with the scale as µ
v with v defined in
eq. (41). Their running suppresses the logarithmic running of a16.When µ → 0 and
implies that
a16 = O(g4Nδγ2 lnµ) . (56)
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Figure 2: The flow of a16 with different |γ02 − γ03 |
A potential issue with this argument is that a16 may run to infinity before it reaches
the infrared fixed point. For a16 to be well defined at any energy scale µ < µ0, the
argument T 16 of the tangent function in eq. eqrefa6solution must satisfy |T 16 | < π2 for
any µ < µ0. To explore this issue let us define γm(µ1) ≡ γ1m and expand the solution
to the RG flow equations around the supersymmetric point;
A23 = 8| sin 2γ¯(γ2 − γ3)|,
T 16 = 4g
2| sin 2γ¯ (γ12 − γ13) |( µµ1 )v ln
µ
µ1
.
(57)
where we have used eq. (44) for the behavior of δγi around the fixed point. The
maximum of T 16 is at µM = µ1e
− 1
v . If µ0 ≥ µM , a16 will run to infinity unless∣∣∣∣g2NA23(µM)2 ln µMµ1
∣∣∣∣ < π2 ; (58)
This inequality constrains δγ1m and δγm(µ0) to be quite close to a supersymmetric
point:
|γ2(µ0)− γ3(µ0)| ≤ |γ12 − γ13 | <
3eπ| tan γ¯|
8N2
. (59)
In Figure 2a and Figure 2b we plot the graph of a16 as a function of µ for |γ2(µ0) −
γ3(µ0)| less and greater than 3eπ| tan γ¯|8N2 , respectively.
A logical possibility is that although a16 may not be well defined in the entire
energy µ < µM range, it is well defined in a region µ ≤ µ0 with µ0 < µM , corre-
sponding to the top-left corner of Figure 2b. In this case the T parameter introduced
in eq. (54) is given by
|T6(µ0)| =
∣∣∣∣g2NA23(µ0)2 ln µ0µ1
∣∣∣∣ < π2 ; (60)
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This inequality constrains δγ0m to obey the equation,
|γ2(µ0)− γ3(µ0)| <
∣∣∣∣∣ π8g2N sin 2γ¯ ln µ0
µ1
∣∣∣∣∣ <
∣∣∣∣ πv8g2N sin 2γ¯
∣∣∣∣ = 3π| tan γ¯|8N2 . (61)
Thus, in both cases, a6 runs to infinity over some finite energy interval unless unless
the γi = γ¯ + δγi parameters are very close to their supersymmetric values,
δγ ∼ O(1/N2) . (62)
Next let up consider the running of the other double-trace terms. The solution
for a237 to the RG flow equations (54) is
a237 = g
2A7 ± g2
√
A27 −B27 tanh
(
g2N
√
A27 − B27 ln
µ
µ7
)
,
A7 = 4 sin
2 γ1, B7 = 4
(
sin2 γ1 − sin2 γ2 − γ3
2
)
,
(63)
where µ7 is a constant which can be fixed by choosing boundary conditions (i.e. by
choosing a renormalization condition). When µ→ 0, A27 −B27 ∼ µ2v,
a237 = 4g
2 sin2 γ1 +O(g4Nδγ2 lnµ) . (64)
As a comparison, in the β-deformed Lagrangian (8), the counterpart of a7 is contained
in the last line,
h2Tr
(
[φi, φj]θT
a
)
Tr
(
[φ¯i, φ¯j]θT
a
)
→− h
2
N
Tr
(
[φi, φj ]θ
)
Tr
(
[φ¯i, φ¯j]θ
)
=
4g2
N
sin2 β Tr
(
φiφj
)
Tr
(
φ¯iφ¯j
) (65)
Last but not least, the RG flow of the coefficient a238 is
a238 = g
2A8 + g
2
√
A28 − B28 tanh
(
g2N
√
A28 − B28 ln
µ
µ8
)
,
A8 = 4 sin
2 γ1, B8 = 4
(
sin2 γ1 − sin2 γ2 + γ3
2
)
,
(66)
where, similarly to the previous case, µ8 is a constant which can be fixed by boundary
conditions. When µ→ 0, B28 → 0, tanh
(
g2N
√
A28 −B28 ln µc
)
→ −1,
a238 = O(g2δγ2) . (67)
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To summarize this calculation, up to terms of the order of O(δγ2), the RG evo-
lution of the double-trace deformations of the Lagrangian is
ai6 = a
ij
8 = 0, a
ij
7 = 4 sin
2 θφij . (68)
The restriction to only terms of order O(δγ) is justified by the requirement starts
close to (but not at) a supersymmetric configuration such that running double-trace
couplings are well-defined for all energy scales.
5.2 Flow of Single-Trace Operators
Let us now discuss the flow of the couplings a1, a2 · · · a5 characterizing the single-
trace four-scalar terms. The divergences D1, D2 · · ·D5 of the four-scalar amplitudes
are given explicitly in Appendix A, and they can be written compactly in the form
DI = −g2(MIJaJ + VI) . (69)
Here the index I runs over I = 1, · · · , 5,MIJ is a constant matrix whose eigenvalues13
are all non-negative and the vector VI contains double-trace couplings a6,7,8 which
may be replaced with their solutions in (68).
The matrix MIJ has a three-dimensional null space; the corresponding orthonor-
mal eigenvectors {n1, n2, n3} form the basis of this space; using them we can construct
three combinations of couplings, ei = (ni)JaJ , whose running is trivial. Indeed, ei
are given by
e1 = a
23
1 + a
23
2 + a
23
3 −
1
2
(a24 + a
3
4)−
1
4
(a25 + a
3
5),
e2 = a
31
1 + a
31
2 + a
31
3 −
1
2
(a34 + a
1
4)−
1
4
(a35 + a
1
5),
e3 = a
12
1 + a
12
2 + a
12
3 −
1
2
(a14 + a
2
4)−
1
4
(a15 + a
2
5).
(70)
and it is not difficult to check that the inner-product ni · V =
∑
I(ni)IVI vanishes
up to terms of the order of O(δγ2),
nIiVI = O(δγ2),
dei
d lnµ
= nIiMIJaJ + n
I
iVI = n
I
iVI = O(δγ2) .
(71)
13The eigenvalues of MIJ are { 13+
√
41
2
, 13−
√
41
2
, 5 +
√
5, 5 +
√
5, 5 − √5, 5 −√
5, 6, 6, 6, 6, 6, 6, 0, 0, 0}.
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Thus, up to O(δγ2) terms, we can set ei = 0 and eliminate a5 using eqs. (70). The
new matrix MIJ describing the RG evolution of the remaining couplings has only
positive eigenvalues. The solution to the matrix RG flow equations
daI
d lnµ
= Ng2(MIJaJ + VI), (72)
can be written as
aI = Ng
2(µNg
2M)IJ
∫
d lnµ(µ−Ng
2MV )J = −(M−1V )I +Ng2(µNg2M)IJcJ , (73)
where cJ can be fixed by boundary conditions. Since the eigenvalues ofMIJ are O(1)
the second term in (73) goes to zero in the infrared (µ → 0) much faster than δγ2,
so at low energies
aI → −(M−1V )I . (74)
Using the explicit expression of the matrix MIJ and of the vector VI we find that
the running couplings a1,2,3,4,5 are related to the running δγi as
aij1 = −aij2 = 4g2 sin2 θφij ,
aij3 = a
i
4 = a
i
5 = 0 .
(75)
Last, we discuss the renormalization of the phase functions θij . Using the β-
functions dγm
d lnµ
for the γi-parameters and Iij included in eq. (A.1) in Appendix A in
the second line of eq. (53) we find that up to O(δγ2) terms,
qφij =
1
2
sin 2θφij −
1
2
sin 2θφij |γm→γ¯ . (76)
Thus, the renormalization of the phase function θij is quite similar to qAB in eq. (35)
which renormalizes the phase function in the Yukawa couplings.
5.3 The Emergence of Supersymmetry
We are now in position to assemble the infrared four-scalar Lagrangian while ac-
counting for the flow of the couplings. Using the solutions for the aI parameters in
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eqs. (68) and (75) in the Lagrangian (49) we find that
LN=04φ = g
2Tr
(
[φi, φj]Θ[φ¯i, φ¯j]Θ − 1
2
[φi, φ¯i]
2
)
+
∑
i 6=j
4g2 sin2 θφij
N2
(
2Trθ(φ
iφjφ¯iφ¯j)− 2Trθ(φiφjφ¯jφ¯i) +N Tr(φiφj) Tr(φ¯iφ¯j)
)
∼ g
2
1− 4 sin
2 θφij
N2
Tr([φi, φj]ΘT
a) Tr([φ¯i, φ¯j]Θ)− g
2
2
Tr
(
[φi, φ¯i]
2
)
.
(77)
Adding the gauge and Yukawa interactions, the complete Lagrangian of γi-deformed
sYM theory up to O( 1
N2
) terms is
Lγ = Tr
[
−1
4
FµνF
µν −Dµφ¯iDµφi + iψ¯iσ¯µDµψi + iψ¯4σ¯µDµψ4
− g
2
2
[φi, φ¯i]
2 − ih0(θki)√
2
(
ǫijkψ¯i
[
φ¯j, ψ¯k
]
Θ
+ ǫijkψ
i[φj, ψk]Θ
)
+
√
2ig
(
ψ¯i
[
φi, ψ¯4
]
Θ
+ ψi
[
φ¯i, ψ
4
]
Θ
)]
+h20(θ
φ
ij) Tr
[
[φi, φj]ΘT
a
]
Tr
[
[φ¯i, φ¯j]ΘT
a
]
.
(78)
Here the phase functions are defined as
Θ(Φ1Φ2) = θ(Φ1Φ2) +
1
2N2
(sin θ(Φ1Φ2)− sin θ(Φ1Φ2)|γm→γ¯) (79)
that is, they include one-loop corrections to the tree-level phase functions.
As discussed in sec. 4, the deformation parameters γi generically flow in the
infrared to a supersymmetric configurations, in which they all become equal and the
phase functions become
Θij → ±β, Θi4 → 0, Θφij → ±β ; (80)
therefore, Lγ reduces to the Lagrangian (8) of the β-deformed sYM theory.
6 Discussion
The γi-deformed N=4 sYM theory is a non-supersymmetric deformation of maxi-
mally supersymmetric gauge theory in four dimensions which is conformally invariant
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in the planar limit. It has been argued [17, 18] that, generically, one-loop-induced
double-trace operators destabilize the theory by rendering its potential unbounded
from below through a renormalization group flow. In this paper we analyzed in
details the one-loop renormalization of the complete theory and the ensuing renor-
malization group flow of all Yukawa and four-scalar couplings and found that if the
flow starts close to a supersymmetric configuration of parameters – γi = γ¯+ δγi with
δγi = O(1/N2) – then the theory remains stable throughout the flow and reaches a
fixed point in the far infrared. The fixed-point theory is the N = 1-supersymmetric
β-deformed N = 4 sYM theory.
It would be interesting to explore whether similar phenomena occur in other field
theories; an obvious candidate is the γi-deformed N=4 sYM theory with complex γi
which may be expected to flow to the β-deformed N=4 sYM theory with a complex
β parameter.
The running of marginal scalar double-trace operators is also a feature of abelian
orbifolds of N = 4 SYM. In the dual string theory context, the running corresponds
to the presence of closed string tachyons at weak coupling [16, 26], and a non-
perturbative instability at strong coupling [20]. In γi-deformed SYM, the running
is suppressed by the flow of phase parameters γi. We expect that, if this effect has
a counterpart in the large volume limit of the dual string theory, it is presumably
related to an instanton similar to the one discussed in [20] for non-supersymmetric
orbifolds of AdS5×S5.
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A Single Trace Divergence of φ4 Amplitude
In this appendix we collect the residues of the single-trace divergences of one-loop
four-scalar amplitudes used in sec. 5.2:
I12/g
2 =4g2(q14 + q42 + q23 + q31 − 2qφ12)− sin 4γ3(a16 + a26) + sin 2(γ2 − γ3)a237
+ sin 2(γ1 − γ3)a137 − sin 2(γ2 + γ3)a238 − sin 2(γ1 + γ3)a138
(A.1)
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D121 /g
2 =4g2
(
2− cos(γ2 + γ3)− cos(γ2 − γ3)− cos(γ1 + γ3)− cos(γ1 − γ3)
− 2 cos γ3 + 2 cos(γ1 + γ2) + 2 cos(γ1 − γ2)
)
− 4a121 + 2a122 + 2a123 + cos 4γ3(a16 + a26) + cos 2(γ1 − γ3)a137
+ cos 2(γ2 − γ3)a237 + cos 2(γ1 + γ3)a138 + cos 2(γ2 + γ3)a238
(A.2)
D122 /g
2 =2g2
(
5 + cos 2γ1 + cos 2γ2 + 4 cos 2γ3 − 2 cos 2(γ1 − γ2)
+ 4 cos(γ1 − γ2 − 2γ3) + 4 cos(γ1 − γ2 + 2γ3)
)
− 2g2 (k13 + k23 + k14 + k24) + 2a121 −
1
2
(a132 + a
23
2 )− 5a122
− 1
2
(a133 + a
23
3 ) + a
12
3 −
1
2
(a14 + a
2
4)−
1
2
(a15 + a
2
5)−
1
2
(a16 + a
2
6)
− 1
2
(a137 + a
23
7 )− 3a127 −
1
2
(a138 + a
23
8 ) + (1 + 2 cos 2γ3)a
12
8
(A.3)
D123 /g
2 =D122 + 8g
2
(
cos(γ1 + γ2) + cos(γ1 − γ2)− 2 cos 2γ3
)
+ 6a122 − 6a123 + (4 + 2 cos 2γ3)(a127 − a128 )
(A.4)
D14/g
2 =2g2
(
10− cos 4γ2 − cos 4γ3 + 4 cos 2(γ2 + γ3) + 4 cos 2(γ2 − γ3)
+ 2 cos 2γ2 + 2 cos 2γ3 − 10 cos(γ2 − γ3)− 10 cos(γ2 + γ3)
)
− 4g2 (k23 + k14)− a132 − a122 − a133 − a123 − 3a14 + a15
+ (2 cos γ2 − 1)(a137 + a138 ) + (2 cos γ3 − 1)(a127 + a128 )− a16
(A.5)
D15/g
2 =4g2
(
8 + cos 2γ2 + cos 2γ3 − 3 cos(γ2 + γ3)− 3 cos(γ2 − γ3)
)
− 8g2 (k23 + k14) + 2a14 − 6a15 + 2a16
− 2
(
a122 + a
13
2 + a
12
3 + a
13
3 + a
12
7 + a
13
7 + a
12
8 + a
13
8
) (A.6)
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